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a b s t r a c t
We consider finite analogues of Euclidean graphs in a more general setting than that
considered in [A. Medrano, P. Myers, H.M. Stark, A. Terras, Finite analogues of Euclidean
space, J. Comput. Appl. Math. 68 (1996) 221–238] and we obtain many new examples of
Ramanujan graphs. In order to prove these results, we use the previous work of [W.M.
Kwok, Character tables of association schemes of affine type, European J. Combin. 13 (1992)
167–185] calculating the character tables of certain association schemes of affine type. A
key observation is that we can obtain better estimates for the ordinary Kloosterman sum
K(a, b; q). In particular, we always achieve |K(a, b; q)| < 2√q, and |K(a, b; q)| ≤ 2√q− 2
in many (but not all) of the cases, instead of the well known |K(a, b; q)| ≤ 2√q. Also,
we use the ideas of controlling association schemes, and the Ennola type dualities, in our
previous work on the character tables of commutative association schemes. The method
in this paper will be used to construct many more new examples of families of Ramanujan
graphs in the subsequent paper.
© 2009 Elsevier B.V. All rights reserved.
0. Introduction
The purpose of this paper is to continue the study on finite analogues of Euclidean graphs which was started in Medrano
et al. [15].
In [15], the authors considered the following finite Euclidean graphs. Let V = Vn(q) = Fnq be the n-dimensional vector
space over the finite field Fq where q = pr with p being a prime number. (In [15], p was assumed to be an odd prime.) For
x, y ∈ V , the Euclidean distance d(x, y) ∈ Fq is defined by
d(x, y) = (x1 − y1)2 + (x2 − y2)2 + · · · + (xn − yn)2.
The Euclidean graph Eq(n, a)was defined as the graph with vertex set V and edge set
E = {(x, y) ∈ V × V | x 6= y, d(x, y) = a}.
Then they considered the spectra of the graph Eq(n, a) and discussed when these graphs are Ramanujan graphs. As is well
known, a regular (undirected) graph of valency k is called a Ramanujan graph if any eigenvalue θ of the graph with |θ | 6= k
satisfies
|θ | ≤ 2√k− 1. (1)
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However, we remark that it is more natural to define finite analogues of Euclidean graphs for each non-degenerate
quadratic form on V , instead of considering only the above distance d(x, y) = (x1 − y1)2 + (x2 − y2)2 + · · · + (xn − yn)2.
That is, let Q be a non-degenerate quadratic form on V . Then the graph Eq(n,Q , a) is defined as the graph with vertex set V
and edge set
E = {(x, y) ∈ V × V | x 6= y, Q (x− y) = a}. (2)
The advantage of using this new definition is twofold. First, note that if n = 2m is even, there are two inequivalent
non-degenerate quadratic forms Q = Q±2m on V = Fnq (see Section 1). If q ≡ 3(mod 4), the quadratic form d(x, 0) =
x21 + x22 + · · · + x2n is equivalent to Q∓2m depending on whether m is odd or even, while it is always equivalent to Q+2m
if q ≡ 1(mod 4). Therefore, we obtain more examples of interesting graphs in a unified manner. Second, this allows
us to consider finite analogues of Euclidean graphs when q is even. (In this case, d(·, 0) is degenerate. It is remarked in
Medrano et al. [15] and Terras [17] that finite analogues of Euclidean graphs for Fq, with q even, had not been studied.)
Moreover, we will be able to see that the previous work of Kwok [10] is readily applicable when this new viewpoint is
introduced. In fact, using the character tables of certain association schemes of affine type obtained in Kwok [10], we can
obtain many new examples of Ramanujan graphs among the graphs Eq(n,Q , a). (The reader is referred to Bannai–Ito [2]
and Bannai [1] for the basic concept of commutative association schemes and their character tables.) We also remark that
this phenomenon is closely connected with the previous work of Ennola type dualities in some association schemes given
in Bannai–Kwok–Song [3], as we will discuss more in the subsequent papers (cf. [6]).
The content of this paper is as follows. In Section 1, we review basic materials on the character tables of association
schemes which give the framework for the study of finite Euclidean graphs Eq(n,Q , a). In particular, we will review the
work of Kwok [10]. In Section 2, we consider certain Kloosterman sums (which are essentially Gaussian periods) and the
well known inequality |K(a, b ; q)| ≤ 2√q due to A. Weil [18]. Then we will discuss when the equality |K(a, b; q)| = 2√q
is attained. (We will show that this is never attained for the Kloosterman sums K(a, b ; q) we are considering.) Then, in
Section 3, this result will be applied to discuss which of the finite Euclidean graphs Eq(n,Q , a) are Ramanujan graphs. Our
main results in this paper are Theorems 3.1–3.4 in Section 3. In addition, in Section 4,wewill give some results of calculations
by computer for some small parametersm and q, implementing the earlier work of Medrano et al. [15].
In order to keep this paper concise, we confined our discussions to the finite Euclidean graphs Eq(n,Q , a).
However, it is possible to obtain similar kinds of results for other many association schemes considered in the papers
Bannai–Shen–Song [4], Bannai–Shen–Song–Wei [5], etc. (i.e., finite analogues of non-Euclidean graphs in the sense of [17,
Chapter 19]). That study will be treated in the subsequent papers (cf. [6]).
1. Orthogonal groups, association schemes of certain affine types and their character tables
Let X = (X, {Ri}0≤i≤d) be a commutative association scheme of class d (see Bannai [1] or Bannai–Ito [2] for instance).
Let Ai be the adjacency matrix with respect to the relation Ri. Then A0, A1, . . . , Ad generate a semisimple algebra A over
the complex number field, called the Bose–Mesner algebra of X. Let E0 = 1|X | J, E1, . . . , Ed be a unique set of primitive
idempotents ofA, where J is the matrix whose entries are all 1, and write
Ai =
d∑
j=0
pi(j)Ej,
for 0 ≤ i ≤ d (in particular, ki = pi(0) is the valency of the regular graph (X, Ri)). The (d + 1) × (d + 1) matrix P whose
(j, i)-entry is pi(j), is called the character table of the commutative association scheme X.
Many examples of association schemes are obtained as follows. Let G be a finite group acting transitively on a finite set
X , and let O0 = {(x, x)| x ∈ X},O1, . . . ,Od be the orbits of G acting on the set X × X . Define the relation Ri on X by
(x, y) ∈ Ri ⇔ (x, y) ∈ Oi,
for 0 ≤ i ≤ d, then it is easily seen that the pair (X, {Ri}0≤i≤d) is an association scheme.
Now, let Q be a non-degenerate quadratic form on the vector space V = Vn(q) = Fnq . Then the group of all linear
transformations on V that fix Q , is called the orthogonal group associated with the quadratic form Q , and is denoted by
O(V ,Q ). More precisely,
O(V ,Q ) = {σ ∈ GL(V ) | Q (σ (x)) = Q (x) for all x ∈ V }.
The non-degenerate quadratic forms over Fq are classified as follows:
(i) Suppose n = 2m is even. If q is odd, then there are two inequivalent non-degenerate quadratic forms Q+ and Q−:
Q+(x) = 2x1x2 + · · · + 2x2m−1x2m,
Q−(x) = 2x1x2 + · · · + 2x2m−3x2m−2 + x22m−1 − αx22m,
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where α is a non-square element in Fq. If q is even, then there are also two inequivalent non-degenerate quadratic forms
Q+ and Q−:
Q+(x) = x1x2 + · · · + x2m−1x2m,
Q−(x) = x1x2 + · · · + x2m−3x2m−2 + x22m−1 + x2m−1x2m + βx22m,
where β is an element in Fq such that the polynomial t2 + t + β is irreducible over Fq. We write GO+2m(q) = O(V ,Q+) and
GO−2m(q) = O(V ,Q−).
(ii) Suppose n = 2m+ 1 is odd. If q is odd, then there are two inequivalent non-degenerate quadratic forms Q and Q ′:
Q (x) = 2x1x2 + · · · + 2x2m−1x2m + x22m+1,
Q ′(x) = 2x1x2 + · · · + 2x2m−1x2m + αx22m+1,
where α is a non-square element in Fq, however the groups O(V ,Q ) and O(V ,Q ′) are isomorphic. If q is even, then there
exists exactly one inequivalent non-degenerate quadratic form Q :
Q (x) = x1x2 + · · · + x2m−1x2m + x22m+1.
We write GO2m+1(q) = O(V ,Q ).
Let G = O(V ,Q ) be the orthogonal group associated with a non-degenerate quadratic form Q on V . Then the group
G˜ = V · G, the semi-direct product of V (translations) and G, acts on the set V transitively. Since V is abelian, we get
a commutative association scheme from this permutation group. Kwok [10] called this association scheme as one of the
association schemes of affine type, and studied very carefully their properties together with their character tables. Here, we
recall some of the main results obtained by Kwok [10].
In what follows, we denote this association scheme by X(G, V ). The character table P = P(G, V ) of X(G, V ) is expressed
as follows. (Since some of the tables in Kwok [10] contain misprints which are sometimes very difficult to detect, we write
down them explicitly here. For the notation, we will basically follow Kwok [10]. Also, see the explanation below.)
Kwok [10] separates the discussion into the following four cases. Let ρ be a primitive element of Fq.
Case 1. X(GO−2m(q), V2m(q)): The relations are given by
R0 = {(x, x) | x ∈ V },
Ri = {(x, y) ∈ V × V | Q−(x− y) = ρ i}, for 1 ≤ i ≤ q− 1,
Rq = {(x, y) ∈ V × V | x 6= y,Q−(x− y) = 0}.
Thus (V , Ri) = Eq(2m,Q−, ρ i) for 1 ≤ i ≤ q− 1, and (V , Rq) = Eq(2m,Q−, 0). Notice that Rq is empty ifm = 1. We have
P(GO−2m(q), V2m(q)) =

1 q2m−1 + qm−1 . . . q2m−1 + qm−1 q2m−1 − (q− 1)qm−1 − 1
1 qm−1 − 1
... qm−1 · Ψ (2, q, q− 1) ...
1 qm−1 − 1
1 qm−1 . . . qm−1 −(q− 1)qm−1 − 1

for m > 1 (the last column and the last row are empty if m = 1). The explicit definition of the submatrix Ψ (2, q, q − 1) is
given later.
Case 2. X(GO+2m(q), V2m(q)): The relations are given by
R0 = {(x, x) | x ∈ V },
Ri = {(x, y) ∈ V × V | Q+(x− y) = ρ i}, for 1 ≤ i ≤ q− 1,
Rq = {(x, y) ∈ V × V | x 6= y, Q+(x− y) = 0}.
Thus (V , Ri) = Eq(2m,Q+, ρ i) for 1 ≤ i ≤ q− 1, and (V , Rq) = Eq(2m,Q+, 0). We have
P(GO+2m(q), V2m(q)) =

1 q2m−1 − qm−1 . . . q2m−1 − qm−1 q2m−1 + (q− 1)qm−1 − 1
1 −qm−1 − 1
... −qm−1 · Ψ (2, q, q− 1) ...
1 −qm−1 − 1
1 −qm−1 . . .− qm−1 (q− 1)qm−1 − 1

form ≥ 1.
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Case 3. X(GO2m+1(q), V2m+1(q)), with q odd: The relations are given by
R0 = {(x, x) | x ∈ V },
Ri = {(x, y) ∈ V × V | Q (x− y) = ρ2i}, for 1 ≤ i ≤ (q− 1)/2,
Ri+(q−1)/2 = {(x, y) ∈ V × V | Q (x− y) = ρ2i−1}, for 1 ≤ i ≤ (q− 1)/2,
Rq = {(x, y) ∈ V × V | x 6= y,Q (x− y) = 0}.
Thus (V , Ri) = Eq(2m + 1,Q , ρ2i), (V , Ri+(q−1)/2) = Eq(2m + 1,Q , ρ2i−1) for 1 ≤ i ≤ (q − 1)/2, and (V , Rq) =
Eq(2m+ 1,Q , 0). Notice that ifm = 0 then Ri is empty for (q+ 1)/2 ≤ i ≤ q. We have
P(GO2m+1(q), V2m+1(q)) =

1 q2m + qm . . . q2m + qm q2m − qm . . . q2m − qm q2m − 1
1 qm − 1
... qm · Ψ (1, q, (q− 1)/2) 0 ...
1 qm − 1
1 −qm − 1
... 0 −qm · Ψ (1, q, (q− 1)/2) ...
1 −qm − 1
1 qm . . . qm −qm . . .− qm −1

form ≥ 1 (the last (q+ 1)/2 columns and the last (q+ 1)/2 rows are empty ifm = 0).
Case 4. X(GO2m+1(q), V2m+1(q)), with q even: The radical V⊥ of the quadratic form Q on V is of dimension one, and is given
by
V⊥ = {x = (0, . . . , 0, x2m+1) ∈ V | x2m+1 ∈ Fq}.
The relations are described as follows:
R0 = {(x, x) | x ∈ V },
Ri = {(x, y) ∈ V × V | x− y ∈ V⊥, Q (x− y) = ρ i}, for 1 ≤ i ≤ q− 1,
Rq = {(x, y) ∈ V × V | x− y 6∈ V⊥,Q (x− y) = 0},
Rq+i = {(x, y) ∈ V × V | x− y 6∈ V⊥,Q (x− y) = ρ i}, for 1 ≤ i ≤ q− 1.
Notice that if m = 0 then Ri is empty for q ≤ i ≤ 2q − 1. In this case, we have (V , Rq) = Eq(2m + 1,Q , 0). However,
for a = ρ i 6= 0, the graph Eq(2m + 1,Q , a) is a union of two relations Ri and Rq+i, of valency 1 and of valency q2m − 1
respectively. (It is not clear which of the graph of valency q2m− 1 or q2m is more natural as the definition of finite Euclidean
graph when a 6= 0. Whichever definition one will take, they are all Ramanujan graphs, as it will be shown in Theorem 3.4
later.) The character table P = P(GO2m+1(q), V2m+1(q)) is given by
P(GO2m+1(q), V2m+1(q)) =

1 1 . . . 1 q2m − 1 q2m − 1 . . . q2m − 1
1 qm − 1
... Ψ (1, q, q− 1) ... (qm − 1) · Ψ (1, q, q− 1)
1 qm − 1
1 −qm − 1
... Ψ (1, q, q− 1) ... −(qm + 1) · Ψ (1, q, q− 1)
1 −qm − 1
1 1 . . . 1 −1 −1 . . .− 1

form ≥ 1 (the last q columns and the last q rows are empty ifm = 0).
In the above tables, the matrix Ψ = Ψ (n, q, e)with ef = qn − 1 is defined as the following e× ematrix:
Ψ =

η0 η1 . . . ηe−1
η1 η2 . . . η0
...
...
. . .
...
ηe−1 η0 . . . ηe−2

where ηi = ηi(n, q, e) (0 ≤ i ≤ e− 1) are the Gaussian periods for the field Fqn defined by
ηi =
∑
i′≡i(mod e)
0≤i′≤qn−2
e(Trqn,p(ρ i
′
n )) (3)
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with e(x) = exp(2pi ix/p), ρn being a primitive element of Fqn , and Trqn,p : Fqn −→ Fp being the trace map from Fqn onto
Fp. Note that the matrix
1 f f . . . f
1 η0 η1 . . . ηe−1
1 η1 η2 . . . η0
...
...
...
. . .
...
1 ηe−1 η0 . . . ηe−2

is the character table of the cyclotomic association scheme of class e obtained by the action of Fqn · Zf on Fqn (∼= Vn(q)),
where Zf ⊂ F∗qn is the cyclic subgroup of order f .
Remark. The same submatrix Ψ (2, q, q − 1) of size (q − 1) × (q − 1) appears in both P(GO−2m(q), V2m(q)) and
P(GO+2m(q), V2m(q)). This is not an accident, but is an example of the Ennola type dualities which was mentioned in
Bannai–Kwok–Song [3], and this observation is crucial for showing that many graphs in Case 2 are Ramanujan graphs.
2. Kloosterman sums
As it is mentioned in Medrano et al. [15, p. 232], the values of ηi = ηi(2, q, q− 1) (0 ≤ i ≤ q− 2) in P(GO−2m(q), V2m(q))
and P(GO+2m(q), V2m(q)) are expressed by using usual Kloosterman sums [14] defined by
K(a, b; q) =
∑
r∈F∗q
e(Trq,p(ar + br−1)), (4)
for a, b ∈ Fq. Namely, we have the following:
Lemma 2.1. For 0 ≤ i ≤ q− 2, we have
ηi = ηi(2, q, q− 1) = −K(ρ i, 1; q), (5)
where ρ = ρq+12 is a primitive element of Fq.
Proof. First, we have
ηi =
∑
u∈F∗
q2
Nu=ρi
e(Trq2,p(u)) =
∑
u∈F∗
q2
Nu=ρi
e(Trq,p(u+ uq)), (6)
by the transitivity of the trace map, where N = Nq2,q is the norm map from F∗q2 onto F∗q . The sum on the right hand side is
called a unitary Kloosterman sum (see Curtis–Shinoda [9]), and Lemma 2.1 follows from Chang [7, Lemma 1.2] immediately.
However, for the reader’s convenience, we restate the proof of [7, Lemma 1.2].
If ρ i is a non-square, then the polynomial t2+ (u+ uq)t + ρ i = (t + u)(t + uq) is irreducible over Fq for all u ∈ Fq2 such
that Nu = ρ i, from which it follows that
ηi = 2
∑
s
e(Trq,p(s)),
where the sum is over s ∈ Fq such that the polynomial t2 + st + ρ i is irreducible over Fq. On the other hand, we have
K(ρ i, 1; q) =
∑
x,y∈F∗q
xy=ρi
e(Trq,p(x+ y)) = 2
∑
r
e(Trq,p(r)),
where the sum on the right hand side is over r ∈ Fq such that t2 + rt + ρ i is reducible over Fq. Since∑x∈Fq e(Trq,p(x)) = 0,
we get ηi = −K(ρ i, 1; q), as desired. Similarly, we can show that ηi = −K(ρ i, 1; q)when ρ i is a square. 
It is well known that the Kloosterman sum is bounded above by 2
√
q by Weil [18] (see also Schmidt [16], Li [13]):
|K(a, b; q)| ≤ 2√q, (7)
for all a, b ∈ F∗q . The following lemma is a slight strengthening of this result.
Lemma 2.2. Suppose a, b are nonzero elements of Fq. Then we have
|K(a, b; q)| < 2√q.
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Proof. Our proof of Lemma 2.2 is inspired by [8, Theorem 7.1]. By virtue of (7), it is enough to show the following:
|K(a, b; q)| 6= 2√q. (8)
First, notice that K(a, b ; q) is an algebraic integer in the cyclotomic field
K = Q(ζp),
where ζp = exp(2pi i/p). We denote the ring of integers in K byOK . Let pip = 1− ζp, then pip is a prime inOK and pip divides
p. Since
e(Trq,p(a)) = ζ Trq,p(a)p = (1− pip)Trq,p(a) ≡ 1(mod pip),
for all a ∈ Fq, we have
K(a, b; q) ≡ K(a, b; q) ≡ q− 1 ≡ −1(mod pip),
from which it follows that
|K(a, b; q)|2 = K(a, b; q)K(a, b; q) ≡ 1(mod pip),
in OK . Therefore, |K(a, b ; q)| cannot be equal to 2√q, since (2√q)2 = 4q ≡ 0(mod pip). 
3. Ramanujan graphs
We prove the following theorems (Theorems 3.1–3.4). Here we note that we use Lemma 2.2 crucially, in the proof of the
claim in Theorem 3.2, whenm becomes large. The next theorem deals with Case 1 above.
Theorem 3.1. In X(GO2m(Q−), V2m(q)), the graph (V , Ri) = Eq(2m,Q−, ρ i) is Ramanujan for 1 ≤ i ≤ q− 1.
Proof. For 1 ≤ i ≤ q−1, the valency ki of the graph (V , Ri) is equal to q2m−1+qm−1. From Lemma 2.1 and (7) (or Lemma 2.2)
we have
|qm−1ηj|2 ≤ 4q2m−1 ≤
(
2
√
ki − 1
)2
,
for all ηj = ηj(2, q, q− 1) (0 ≤ j ≤ q− 2). Hence the eigenvalues of the graph (V , Ri) satisfy the Ramanujan bound (1). 
Remark 3.1. It is not difficult to see that the graph (V , Rq) = Eq(2m,Q−, 0) is not Ramanujan if and only if q ≥ 7, or
(q,m) = (5, 2).
We now deal with Case 2.
Theorem 3.2. We fix q. Then in X(GO2m(Q+), V2m(q)), the graphs (V , Ri) = Eq(2m,Q+, ρ i)(1 ≤ i ≤ q − 1) are Ramanujan,
if m is sufficiently large (i.e., larger than a certain number which is determined by q).
Proof. The valencies ki (1 ≤ i ≤ q− 1) are q2m−1 − qm−1. Let |ηj| = |ηj(2, q, q− 1)| = Cj√q, then by Lemmas 2.1 and 2.2
we have 0 ≤ Cj < 2. Therefore(
2
√
ki − 1
)2 − |qm−1ηj|2 = (4− C2j )q2m−1 − 4qm−1 − 4
is positive whenm is large, so that satisfies (1). 
Remark 3.2. Wenote in particular that if |ηi| ≤ 2√q− 2 (0 ≤ i ≤ q−2), then all the graphs Eq(2m,Q+, ρ i) (1 ≤ i ≤ q−1)
as well as all the graphs Eq(2,Q+, ρ i) are Ramanujan graphs. It is surprising that for many values of q this condition
max |ηi| ≤ 2√q− 2 is satisfied. In the next section, we give computer experiments when this condition is satisfied. If
this condition is not satisfied, then for small m the graph Eq(2m,Q+, ρ i) is sometimes Ramanujan, and sometimes not
Ramanujan. The graph (V , Rq) = Eq(2m,Q+, 0) is not Ramanujan if and only ifm = 1 and q ≥ 11, orm > 1 and q ≥ 7.
In Case 3, the submatrix Ψ (1, q, (q − 1)/2) of size (q − 1)/2 × (q − 1)/2 appears in the character table P =
P(GO2m+1(q), V2m+1(q)). A straightforward calculation shows that the maximum value of the |ηi| = |ηi(1, q, (q − 1)/2)|
for q = p is equal to 2 cos(pi/p), hence less than 2 (and not equal to 2). On the other hand, |ηi| attains 2 for some i if
q = pr with r ≥ 2, since there always exists a nonzero element a = ρ i ∈ Fq such that Trq,p(a) = 0, or equivalently
ηi = e(Trq,p(a))+ e(Trq,p(−a)) = 2. Thus, we get the following:
Theorem 3.3. We fix an odd q. Then in X(GO2m+1(Q ), V2m+1(q)), we have
(i) The graphs (V , Ri) = Eq(2m+ 1,Q , ρ2i)(1 ≤ i ≤ (q− 1)/2) and (V , Rq) = Eq(2m+ 1,Q , 0) are always Ramanujan.
(ii) If q = p is prime, then the graphs (V , Ri+(q−1)/2) = Eq(2m + 1,Q , ρ2i−1)(1 ≤ i ≤ (q − 1)/2) are Ramanujan if m is
sufficiently large (i.e., larger than a certain number which is determined by p).
(iii) For non-prime q, Eq(2m+ 1,Q , ρ2i−1)(1 ≤ i ≤ (q− 1)/2) are not Ramanujan.
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Table 1
Does |ηi| ≤ 2√p− 2 hold for all i = 0, 1, . . . , p− 2 ?
p max |ηi| 2√p− 2 Ans. p max |ηi| 2√p− 2 Ans.
3 2.0000 2.0000 True 227 29.5923 30.0000 True
5 3.2361 3.4641 True 229 30.0001 30.1330 True
7 4.4940 4.4721 False 233 29.7013 30.3974 True
11 5.7170 6.0000 True 239 30.6833 30.7896 True
13 6.2962 6.6332 True 241 30.3461 30.9192 True
17 7.9603 7.7460 False 251 31.2426 31.5595 True
19 7.6097 8.2462 True 257 31.8812 31.9374 True
23 7.9607 9.1652 True 263 31.7838 32.3110 True
29 9.5003 10.3923 True 269 32.6112 32.6803 True
31 10.6665 10.7703 True 271 32.4925 32.8024 True
37 11.4726 11.8322 True 277 32.6191 33.1662 True
41 11.3364 12.4900 True 281 32.7708 33.4066 True
43 11.9622 12.8062 True 283 33.4841 33.5261 True
47 13.2468 13.4164 True 293 33.3605 34.1174 True
53 14.3083 14.2829 False 307 34.7854 34.9285 True
59 14.9176 15.0997 True 311 34.3997 35.1568 True
61 15.3418 15.3623 True 313 34.4657 35.2704 True
67 15.0944 16.1245 True 317 35.4927 35.4965 True
71 15.8699 16.6132 True 331 35.8787 36.2767 True
73 15.9412 16.8523 True 337 36.5150 36.6060 True
79 17.1019 17.5499 True 347 35.9894 37.1484 True
83 17.7087 18.0000 True 349 36.4229 37.2559 True
89 18.1348 18.6548 True 353 37.3652 37.4700 True
97 18.6108 19.4936 True 359 37.4343 37.7889 True
101 19.2873 19.8997 True 367 37.8420 38.2099 True
103 20.0322 20.0998 True 373 38.2827 38.5227 True
107 20.2106 20.4939 True 379 38.2481 38.8330 True
109 20.1781 20.6882 True 383 38.7151 39.0384 True
113 20.9713 21.0713 True 389 38.9781 39.3446 True
127 21.9702 22.3607 True 397 39.3786 39.7492 True
131 22.1822 22.7156 True 401 39.1967 39.9500 True
137 23.0628 23.2379 True 409 40.2081 40.3485 True
139 23.5131 23.4094 False 419 40.6049 40.8412 True
149 23.8505 24.2487 True 421 39.4242 40.9390 True
151 23.6680 24.4131 True 431 40.8006 41.4246 True
157 24.6231 24.8998 True 433 41.0445 41.5211 True
163 25.3790 25.3772 False 439 41.5815 41.8091 True
167 25.4683 25.6905 True 443 41.8696 42.0000 True
173 24.9883 26.1534 True 449 42.0340 42.2847 True
179 26.1254 26.6083 True 457 41.9911 42.6615 True
181 25.9592 26.7582 True 461 42.7658 42.8486 True
191 27.2062 27.4955 True 463 42.9774 42.9418 False
193 27.2997 27.6405 True 467 42.6020 43.1277 True
197 27.3651 27.9285 True 479 42.4509 43.6807 True
199 27.5727 28.0713 True 487 43.7078 44.0454 True
211 28.9769 28.9137 False 491 43.8385 44.2267 True
223 29.2309 29.7321 True 499 43.2101 44.5870 True
Proof. The proofs of the first part of (i) and (ii) are similar to those of Theorems 3.1 and 3.2, and hence omitted. If q = pr
with r ≥ 2, then |ηj| = 2 for some j. Since(
2
√
ki+(q−1)/2 − 1
)2 − | − qmηj|2 = 4(q2m − qm − 1)− 4q2m = −4qm − 4
is always negative, the graphs (V , Ri+(q−1)/2) (1 ≤ i ≤ (q − 1)/2) cannot be Ramanujan, which proves (iii). Finally, notice
that the graph (V , Rq) is Ramanujan if and only if(
2
√
kq − 1
)2 = 4(q2m − 2) ≥ (qm + 1)2.
This is equivalent to
qm ≥ 1+ 2
√
7
3
,
and is satisfied for all (odd) q andm ≥ 1. This completes the proof of (i). 
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Table 2
p max |ηi| 2√p− 2
541 46.4712 46.4327
1093 66.0623 66.0606
1723 82.9894 82.9699
1747 83.5873 83.5464
1931 87.8529 87.8408
2111 91.8501 91.8477
2671 103.3265 103.3247
2713 104.1528 104.1345
2731 104.4820 104.4797
3121 111.7201 111.6960
3593 119.8694 119.8499
3853 124.1317 124.1129
Table 3
Does |ηi| = |ηi(2, q, q− 1)| ≤ 2√q− 2 hold for all i = 0, 1, . . . , q− 2 ?
p r(≥ 2) Ans. p r(≥ 2) Ans. p r(≥ 2) Ans. p r(≥ 2) Ans.
2 2 False 2 3 False 2 4 True 2 5 False
2 6 True 2 7 True 2 8 True 2 9 True
2 10 True 2 11 True 2 12 True 2 13 False
3 2 True 3 3 False 3 4 True 3 5 True
3 6 True 3 7 True 5 2 False 5 3 True
5 4 True 7 2 True 7 3 False 7 4 False
11 2 False 11 3 True 13 2 True 13 3 False
17 2 True 19 2 True 23 2 False 29 2 False
31 2 True 37 2 False 41 2 True 43 2 True
47 2 False 53 2 False
Remark 3.3. As it is already discussed inMedrano et al. [15], the values ηi inΨ (1, q, (q−1)/2) are expressed as Salié sums,
hence explicitly expressed by using cosine functions. Notice that this fact is also obvious from the definition of the ηi’s. Hence
it is considered that the calculation in Kwok [10] gives an elementary proof of the evaluation of the Salié sum in this case.
The situation is somewhat different for Case 4, i.e., X(GO2m+1(Q ), V2m+1(q)), with q even. In this case, all the entries
ηi = ηi(1, q, q− 1) in the submatrix Ψ (1, q, q− 1) are either 1 or−1, from which it follows that
Theorem 3.4. Suppose q is even. Then in X(GO2m+1(Q ), V2m+1(q)), we have
(i) The graphs (V , Rq+i)(1 ≤ i ≤ q− 1) and (V , Rq) = Eq(2m+ 1,Q , 0) are Ramanujan unless q = 2 and m = 1.
(ii) For a = ρ i 6= 0, the graph Eq(2m+ 1,Q , a) = (V , Ri ∪ Rq+i) is Ramanujan if and only if m ≥ 1.
Proof. (i) The proof is similar to that of Theorem 3.3 (iii), hence omitted. (ii) Left to the reader. 
Remark 3.4. It is interesting to note that the eigenvalues θ of the graph Eq(2m+1,Q , a) (a 6= 0) different from the valency
k satisfy
|θ | ≤ √k,
which is much stronger than the Ramanujan bound (1). This says that these graphs are highly (or plenty) Ramanujan.
4. Computer calculations
In this section, we give the results of computer calculations. We are mainly interested in the following question: Does
the inequality |ηi| = |ηi(2, q, q− 1)| ≤ 2√q− 2 hold for all i = 0, 1, . . . , q− 2 ? (See Remark 3.2.) In these experiments,
we made use of the computer package ‘‘MAGMA’’ (http://magma.maths.usyd.edu.au/magma). The results in the first two
tables (Tables 1 and 2) are retested by Professor M. Kaneko.
1. For each odd prime p ≤ 500, we list the maximum value of |ηi| = |ηi(2, p, p− 1)| (0 ≤ i ≤ p− 2), 2√p− 2, and the
answer to the above question.
2. For each odd prime 500 ≤ p ≤ 4000, we list all the primes p such that |ηi| = |ηi(2, p, p− 1)| > 2√p− 2 for some i,
together with max |ηi| and 2√p− 2.
3. We give the answer to the question for each prime power q = pr ≤ 3000.
Remark 4.1. If q = 2r or q = 3r , then the values of |K(a, b; q)| are integers. Lachaud and Wolfmann [11] proved that if
q = 2r then the |K(a, b; q)| take all the integer values which are congruent to −1 modulo 4 and whose absolute values
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are less than 2
√
q. While, Wolfmann [19] proved that if q = 3r , then the values of |K(a, b; q)| take all the integer values
which are congruent to −1 modulo 3 and whose absolute values are less than 2√q. So, the values in Table 3 for q = 2r
and q = 3r can be obtained without computer calculation. However, the proof of their claims are nontrivial and must use
algebraic geometry. See also Lachaud–Wolfmann [12].
Remark 4.2. The primes p (up to 5021) for which max |ηi| > 2√p− 2 make the following series:
7, 17, 53, 139, 163, 211, 463, 541, 1093, 1723, 1747, 1931, 2111, 2671, 2713, 2731,
3121, 3593, 3853, 4057, 4733, 5021, . . . .
It seems that these primes seem pretty much random. (It would be interesting to know how often they occur.) It would be
interesting if we could find any regularity in this series.
Remark 4.3. Theorem 3.2 asserts that the graphs Eq(2m,Q+, ρ i)(1 ≤ i ≤ q − 1) are Ramanujan if m is large. It turns out
that for all q considered above (that is, for all primes 2 ≤ p ≤ 4000 and for all prime powers q = pr ≤ 3000), these graphs
are Ramanujan as long asm ≥ 2.
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